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In this work we present a further investigation about Teleparallel Gravity Cosmology. We demon-
strate that according the current astrophysical data (CC+Pantheon+BAO samplers with late uni-
verse measurements SH0ES+H0LiCOW), a f(T,B) theory can provide another interpretation to
the oscillatory behaviour of the dark energy equation of state when applied to late times. The four
f(T,B) cosmological viable models proposed here can undergo an epoch of late-time acceleration
and reproduce quintessence and phantom regimes with a transition along the phantom-divided line,
making this theory a good approach to modify the standard ΛCDM model.
I. INTRODUCTION
It is well know that the ΛCDM cosmological model is motivated by astounding success in describing the Universe at
all scales where observations can be made [1, 2]. Through the proposal of cold dark matter, this cosmological model
can adequately describe the dynamics of galaxies, and through the effects of dark energy: the cosmic acceleration of
the Universe [3, 4]. However, despite great efforts, dark matter remains undetected and the cosmological constant
description via dark energy continues to have numerous problem associated with it [5].
On one hand, recently, the effectiveness of the ΛCDM model in explaining precision cosmology observations has
been called into question. This is primarily through the so-called H0 tension problem which is a discrepancy between
the predicted value of H0 from the early Universe and its observed value from the local measurements. First reported
as a serious tension by the Planck collaboration in [6, 7], the tension has since grown by means of strong lensing
measurements from the H0LiCOW (H0 lenses in Cosmograil’s wellspring) collaboration [8] and from Cepheids via
SH0ES (Supernovae H0 for equation of state) [9]. Meanwhile, measurements based on the tip of the red giant branch
(TRGB, Carnegie-Chicago Hubble Program) have yielded a lower H0 tension [10]. There also exist novel methods of
determining the value of H0 through gravitational wave astronomy [11, 12] that may shed light in the problem.
On the other hand, by construction, ΛCDM is based on taking Einstein’s theory of General Relativity (GR) and
modifying the matter content part of the theory to satisfy observational demands. However, it may also be the
case that the gravity content of the cosmological model needs to be corrected for these observational scales. There
have been a plethora of theories that have been proposed which have had varying success in explaining the Universe.
However, by and large these theories mainly rely on considering gravity GR through the prism of the Levi-Civita
connection which expresses gravitation through the curvature of spacetime. In this work, we consider Teleparallel
Gravity (TP) which differs from GR in that it manifests gravity through torsion rather than curvature [13], which is
achieved by replacing the Levi-Civita connection with the Weitzenbo¨ck connection. At the level of the gravitational
action, GR and TG can be made to be equal up to a boundary term, this is the so-called Teleparallel equivalent of
General Relativity (TEGR). Straightforwardly, TEGR will produce the same field equations as GR, but the ensuing
modifications that can be constructed will naturally be distinct. TG also has a number of other advantageous features
such as its similarity to Yang-mills theory [14] giving it an added particle physics dimension. It is also possible to
define a gravitational energy-momentum tensor in TG [15, 16] which means separating inertia and gravitation. TG is
more regular than GR in that it does not require the introduction of a Gibbons–Hawking–York boundary term when
in order to produce a well-defined Hamiltonian formulation [17]. Even more, TG is an interesting theory of gravity
since it does not necessarily require the equivalence principle to hold, that is, unlike GR where this is a fixed feature,
TG would survive a violation of this principle [18].
As with GR, TG can be readily modified in numerous routes: the TEGR Lagrange density is the so-called torsion
scalar T (discussed in §. II), where we can immediately generalised to f(T ) theory which has generally second-order
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2field equations unlike f(R) gravity [19–21] that is a fourth-order theory. Many of the same analyses that occur in
Levi-Civita based theories of gravity can be analogously constructed in TG. However, given the ease of constructing
second-order theories in TG means that there are modified theories of gravity in the TG framework that do not exist
in curvature-based models of gravity. One such example is f(T,B) theory where B is the boundary term between the
torsion and Ricci scalars [22–27, 27, 28]. This model decouples the second- and fourth-order contributions in models
of gravity contains f(R) gravity as a subset. This is a more natural way of studying the contributions of f(R) gravity.
Therefore, if we choose to work with TG in a specific class of cosmological frames we need to consider a flat FRW
background metric with a tetrad depending of the scale factor and a vanishing spin connection. In this scenario,
this choice is the exact solution of the teleparallel version of the gravitational field equation and it can be seen that
the corresponding Friedmann equations are identical to the GR ones [29]. As an extension of this landscape, we can
introduce scalar fields as source of dark energy in the case of minimal coupling, e.g quintessence field [30], unlike
in the non-minimal case, where the scale factor sector is coupled to gravity, with the torsion scalar in TG and the
curvature scalar in GR. In analogy to this line of though, in this work we propose four forms of f(T,B) models in
order to study the late cosmological dynamics and see that we can mimic the same effect of dark energy and solve
the current H0 tension in some scenarios.
Throughout this work, Latin indices are used to refer to coordinates on the tangent space, while Greek indices refer
to general manifold coordinates. Also, the metric signature is ηµν = diag(−1, 1, 1, 1). The outline of the paper is as
follows: in §. II we describe the TG background theory in order to set the equivalence with GR. In §. III we explore a
flat homogeneous and isotropic cosmology in the f(T,B) gravity setting in order to derive a generic equation of state
for the theory. In §. IV, we describe the observational data being used to constrain the cosmological parameters for
the models being investigated. §. V contains the analyses of the f(T,B) models being proposed. The observational
constraints will be obtained using astrophysical data as galaxy ages sampler, BAO samples and supernovae Type Ia
current sampler (Pantheon). The statistical results are shown for each model. Finally, a summary and conclusion of
our work is given in §. VI. An Appendix with all the general calculations for each proposed cosmological model can
be found at the end.
II. TELEPARALLEL GRAVITY BACKGROUND
General Relativity (GR) expresses gravitation in terms of curvature by means of the Levi-Civita connection, Γ˚σµν
[1]. However, Riemann geometry contains other means of geometric deformation which can be used to describe
gravity. In fact, there exists a trinity of characterizations of gravity such that GR can be reproduced at the level
of the field equations in a particular limit [31]. In this work, we consider the setting of TG [17, 32, 33]. TG is
fundamentally distinct from curvature-based descriptions of gravity in that the Levi-Civita connection is replaced
with the Weitzenbo¨ck connection, Γσµν , which is a curvatureless connection that observes the metricity condition
[13, 14]. The Weitzenbo¨ck connection is defined by
Γσµν := e
σ
a ∂µe
a
ν + e
σ
a ω
a
bµe
b
ν , (1)
where eaρ is the tetrad field (e
µ
a being the transpose), and ω
a
bµ the spin connection. This is the most general linear
affine connection that is both curvatureless and satisfies the metricity condition [32]. The tetrad relates the general
manifold and the tangent (inertial) space, represented by the inertial Latin indices and the general manifold Greek
indices. On the other hand, the spin connection appears in order to conserve the invariance of teleparallel theories
under Local Lorentz Transformations (LLT) [34]. Thus, the spin connection incorporates the LLT freedom for any
choice of theory based on the Weitzenbo¨ck connection. GR also has an associated spin connection, but this is mainly
hidden in the inertial structure of the theory [32]. Together, the tetrad and its associated spin connection play the
same role as the metric tensor in curvature-based theories of gravity.
The spin connection can be determined by considering the the full breath of LLTs (Lorentz boosts and rotations),
where the tetrad is transformed by its inertial index through
e′aµ = Λ
a
be
b
µ , (2)
where Λab is a LLT. The spin connection can then be represented as the combination of completely inertial LLTs in
the form [35]
ωabµ = Λ
a
c∂µΛ
c
b , (3)
which preserves the LLT invariance of the theory as a whole. However, there also exist so-called good tetrad choices
which produce vanishing spin connection components [36, 37]. Given the invariance of the theory under LLTs, all
consistent tetrad and spin connection choices will be dynamically equivalent.
3As it was mentioned, the metric tensor, gµν , expresses geometric deformation through distance measurements, while
the tetrad, eaµ relates the tangent space with the general manifold. For consistency, they also observe the relations
[14]
eaµe
µ
b = δ
a
b , e
a
µe
ν
a = δ
ν
µ , (4)
which form the orthogonality conditions of the tetrad fields. Naturally, the tetrad fields can be used to transform
between the inertial Minkowski metric and a general manifold through
gµν = e
a
µe
b
νηab , ηab = e
µ
a e
ν
b gµν , (5)
where the tetrad can be seen to replace the metric tensor as the fundamental dynamical object of the theory. The
position dependence of these relations is being suppressed for brevity’s sake. One important point is that the curvature
measured by the Riemann tensor will always vanish in TG because the Weitzenbo¨ck connection is curvatureless, while
the torsion will depend on the specific form of the tetrad and its associated spin connection. In this scenario, torsion
is represented by the anti-symmetric part [37]
Tσµν := 2Γ
σ
[µν] , (6)
which is a measure of the field strength of gravitation, and where square brackets represent the anti-symmetric operator
(A[µν] =
1
2 (Aµν −Aνµ)). Tσµν is called the torsion tensor and transforms covariantly under both diffeomorphisms
and LLTs. Analogous to the Riemann tensor, the torsion tensor is a measure of torsion for a gravitational field.
However, other useful tensors can also be defined, such as the contorsion tensor which is the difference between the
Levi-Civita and Weitzenbo¨ck connections [17, 38]
Kσµν := Γ
σ
µν − Γ˚σµν = 1
2
(
T σµ ν + T
σ
ν µ − Tσµν
)
. (7)
Naturally, this plays a crucial role in relating TG with Levi-Civita based theories. Another important ingredient in
forming a teleparallel theory of gravity is the so-called superpotential which is defined as
S µνa := K
µν
a − h νa Tαµα + h µa Tανα . (8)
The superpotential plays an important role in representing TG as a gauge current for a gravitational energy-momentum
tensor [39]. Contracting the torsion and superpotential tensors, the so-called torsion scalar is produced through
T := S µνa T
a
µν , (9)
which is determined solely by the Weitzenbo¨ck connection but can be used to compare with results with standard
gravity. Coincidentally, it turns out that the torsion and Ricci scalars are equal up to a total divergence term [22, 40],
namely
R = R˚+ T − 2
e
∂µ
(
eTσ µσ
)
= 0 ⇒ R˚ = −T + 2
e
∂µ
(
eTσ µσ
)
:= −T +B , (10)
where R˚ is the Ricci scalar as determined using the Levi-Civita connection, R is the Ricci scalar as calculated with
the Weitzeonbo¨ck connection which vanishes, and e is the determinant of the tetrad field, e = det
(
eaµ
)
=
√−g. This
relation alone guarantees that the torsion and Ricci scalars produce the same dynamical equations. Also, this means
that the second and fourth order contributions to the Ricci scalar can be decoupled in TG. This may have important
consequences for providing a more natural generalization of f(R) gravity [23].
One straightforward result of this equivalency is that we can define TEGR as [37]
STEGR = − 1
2κ2
∫
d4x eT +
∫
d4x eLm , (11)
where κ2 = 8piG, and Lm represents the Lagrangian for matter. Consequently, TEGR will produce identical Einstein
field equations
G˚µν ≡ e−1eaµgνρ∂σ(eS ρσa )− S σb νT bσµ +
1
4
Tgµν − eaµωbaσS σbν = κ2Θµν , (12)
where Θµν is the energy-momentum tensor [1], and G˚µν is the Einstein tensor calculated with the Levi-Civita con-
nection.
4Similar to the f(R˚) generalization of GR [20, 23], the TEGR Lagrangian density can be generalized to f(T ) gravity
[41–45]. This produces second order field equations [17], as well as a number similarities to GR such as exhibiting the
same gravitational wave polarizations [26]. However, to incorporate both the second and fourth order components
of f(R˚), it is advantageous to consider f(T,B) gravity which forms a larger class of theories than those expressed
through f(R˚) gravity (at the level of field equations) [22–27, 27, 28]. By generalizing f(R˚) gravity in terms of its order
contributions, f(T,B) gravity may provide an interesting avenue to study fourth order modified theories of gravity.
III. F(T,B) COSMOLOGY
To explore the cosmology that emerges from f(T,B) gravity, we consider a flat homogeneous and isotropic metric
as FLRW. We choose to take this in Cartesian coordinates so that the metric takes the form
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2) , (13)
where a(t) is the scale factor, and the lapse function is already set to unity. This can be done since f(T,B) gravity
retains diffeomorphism invariance. By taking the choice of tetrad as [33]
haµ = diag(1, a(t), a(t), a(t)) , (14)
the spin connection components turn out to all be zero, i.e. ωabµ = 0 [24]. There exist an infinite number of possible
choices for the tetrad which satisfy (5) but only a small subset are good tetrads, i.e. have vanishing associated spin
connections. For this spacetime, the torsion scalar is explicitly given by
T = 6H2 , (15)
while the boundary term is given by
B = 6
(
3H2 + H˙
)
. (16)
Together, these form the Ricci scalar through the relation in (10), that is
R˚ = −T +B = 6
(
H˙ + 2H2
)
, (17)
is recovered. This shows how f(R˚) gravity results as a subset of f(T,B) gravity where
f(T,B) := f(−T +B) = f(R˚) , (18)
which only represents a small part of the space of models in f(T,B) gravity. Also, the respectively second and fourth
order natures of the torsion scalar and boundary term can be appreciated through this choice of tetrad.
Evaluating the field equations for a Universe filled with a perfect fluid, the Friedmann equations turn out to be
given by [24, 27]
−3H2 (3fB + 2fT ) + 3Hf˙B − 3H˙fB + 1
2
f = κ2ρm , (19)
−
(
3H2 + H˙
)
(3fB + 2fT )− 2Hf˙T + f¨B + 1
2
f = −κ2pm , (20)
where ρm and pm represent the energy density and pressure of the matter content respectively. On taking the arbitrary
Lagrangian mapping
f(T,B)→ −T + f(T,B) , (21)
the field equations can be re-expressed as
3H2 = κ2 (ρm + ρeff) , (22)
3H2 + H˙ = −κ2 (pm + peff) , (23)
5where the modified TEGR components are contained in the effective fluid contributions given as
κ2ρeff = 3H
2 (3fB + 2fT )− 3Hf˙B + 3H˙fB − 1
2
f , (24)
κ2peff =
1
2
f −
(
3H2 + H˙
)
(3fB + 2fT )− 2Hf˙T + f¨B , (25)
which can be combined to give
2H˙ = −κ2 (ρm + pm + ρeff + peff) . (26)
The effective fluid that acts as the modified part of the f(T,B) Lagrangian turns out to also satisfy the conservation
equation
ρ˙eff + 3H (ρeff + peff) = 0 . (27)
Finally, an equation of state (EoS) can be written for this effective fluid as
weff =
peff
ρeff
(28)
= −1 + f¨B − 3Hf˙B − 2H˙fT − 2Hf˙T
3H2 (3fB + 2fT )− 3Hf˙B + 3H˙fB − 12f
. (29)
Notice that we can recover the standard ΛCDM case (weff = −1) when we switch off the T and B terms. Since the
latter equation is linked to a specific form of f(T,B), in this work we consider four cosmological models in order to
investigate the possibility the effects of a late acceleration cosmic expansion without the influence of a exotic dark
energy or extra fields. It is important to remark that, in comparison to [17], we solve the entire full system of equations
(15)-(16) and the corresponding cosmological model.
IV. CURRENT OBSERVATIONAL DATA
Given that we are interested in modelling the late-time evolution of the Universe, we use observational data from
SNeIA luminosity distance from Pantheon compilation and BAO redshift surveys [46] and the high-z measurements
of H(z) from Galaxy ages (CC) [47].
In order to carry out cosmological tests for the free parameters of each of the f(T,B) models proposed below, we are
going to consider the constraints solutions over T and B imposed by each case and determine the specific cosmological
parameters for each model in addition to Ωm and H0 late Universe data. We use the publicly codes CLASS
1 and
Monte Python 2 to constrain the models using a total sampler of CC+SNeIa+BAO.
Figures 2-4-6–8 show the parameter space for wmodel and Ωm with their probability density function (PDF) versus
Ωm up to 3-σ confidences levels (CL) using the joint sampler CC+Pantheon+BAO.
A. Galaxy ages
Given that distance scale measurements require integrals of H(z), it is a standard point of view that it is more
precise to study the observational H(z) data directly rather than these means since information loses are a natural
consequence of these integrals, and of course, the errors that these can carry out. As an independent approach of
this measure we provide the Cosmic Chronometers (CC) sample. This kind of sample gives a measurement of the
expansion rate without relying on the nature of the metric between the chronometer and us. A full compilation of
the latter, which includes 38 measurements of H(z) in the range 0.07 < z < 2.36 are reported in [47].
1 https://github.com/lesgourg/class_public
2 https://github.com/baudren/montepython_public
6B. Pantheon Type Ia supernovae compilation
This sample consists of 40 bins [46] compressed. Notice that, since we are performing an EoS that at some point
recover ΛCDM, the binned catalog is not a problem in the sense of favoring this model. Type Ia supernovae can
give determinations of the distance modulus µ, whose theoretical prediction is related to the luminosity distance dL
according to
µ(z) = 5 ln
[
dL(z)
1Mpc
]
+ 25 , (30)
where the luminosity distance is given in Mpc. In the standard statistical analysis, one adds to the distance modulus
the nuisance parameter M , an unknown offset sum of the supernovae absolute magnitude (and other possible sys-
tematics), which is degenerate with H0. As we are assuming spatial flatness, the luminosity distance is related to the
comoving distance D via
dL(z) =
c
H0
(1 + z)D(z) , (31)
where c is the speed of light, so that, using Eq.(30), we can obtain
D(z) =
H0
c
(1 + z)−110
µ(z)
5 −5 . (32)
Therefore, the normalised Hubble function H(z)/H0 can be obtained by taking the inverse of the derivative of D(z)
with respect to the redshift D(z) =
∫ z
0
H0dz˜/H(z˜). Since we are taking nuisance parameter M in the sample, we
choose the respective values of M from a statistical analysis of the ΛCDM model with the Pantheon sample obtained
by fixing H0 to the Planck value in Eq.(33) with TT, TE, EE + lowE + lensing +BAO and to the Late Universe
measurements as
H0 = 67.4± 0.5km/s/Mpc, from Planck 2018, (33)
H0 = 73.8± 1.1km/s/Mpc, from Late Universe (SH0ES + H0LiCOW), (34)
To perform this we have used a Monte Python code and obtained M = −19.63 for Planck 2018 and M = −32.79 for
SH0ES+H0LiCOW.
C. BAO samples
We also consider in our analysis the measurements of BAO observations in the galaxy distribution. These obser-
vations can contribute important features by comparing the data of the sound horizon today to the sound horizon at
the time of recombination (extracted from the CMB anisotropy data). Commonly, the BAO distances are given as
a combination of the angular scale and the redshift separation: dz ≡ rs(zd)DV (z) , with rs(zd) = cH0
∫∞
zd
cs(z)
E(z) dz and rs(zd)
being the comoving sound horizon at the baryon dragging epoch, c the light velocity, zd is the drag epoch redshift
and c2s = c
2/3[1 + (3Ωb0/4Ωγ0)(1 + z)
−1] the sound speed with Ωb0 and Ωγ0 the present values of baryon and photon
density parameters, respectively. By definition, the dilation scale is
DV (z,Ωm;w0, w1) =
[
(1 + z)2D2A
c z
H(z,Ωm;w0, w1)
]1/3
, (35)
where DA is the angular diameter distance
DA(z,Ωm;w0, w1) =
1
1 + z
∫ z
0
cdz˜
H(z˜,Ωm;w0, w1)
. (36)
Through the comoving sound horizon, the distance ratio dz is related to the expansion parameter h (defined such
that H
.
= 100h) and the physical densities Ωm and Ωb. We use measurements of the BAO peak from the galaxy
redshift surveys six-degree-field galaxy survey (6dFGS, Sloan Digital Sky Survey Data Release 7 (SDSS DR7) and
the reconstructed value (SDSS(R)), as well as the latest result from the complete BOSS sample SDSS DR12, and
also from the Lyman-α Forest measurements from the Baryon Oscillation Spectroscopic Data Release 11 (BOSS
DR11). Since the volume surveyed by BOSS and WiggleZ [48] partially overlap we do not use data from the latter
in this work (see details in Ref.[49]). The total χ2BAO is directly obtained by the sum of the individual quantity:
χ2BAO−total = χ
2
6dFGS + χ
2
SDSS + χ
2
BOSS + χ
2
Lyα−F. The full sampler of these data is shown in Table I.
7Data set z rBAO(z)
6dF 0.106 [50] 0.336± 0.015
SDSS DR7 0.15 [51] 0.2239± 0.0084
SDSS(R) DR7 0.35 [52] 0.1137± 0.0021
SDSS(R)-III DR12 0.38 [53] 0.100± 0.0011
0.61 [54] 0.0691± 0.0007
SDSS(R)-III DR12 2.34 [55] 0.0320± 0.0013
2.36 [56] 0.0329± 0.0009
TABLE I: rBAO(z) measurements used in this work. The selected ones corresponding to SDSS data were inverted from the
published values of DV (z)/sd and those corresponding to Lyα-F data were obtained from the reported quantities DA(z)/sd
and DH(z)/sd.
V. COSMOLOGICALLY INSPIRED F(T,B) MODELS
In this section we are going to consider four possible cosmological models in order to study late time cosmic
accelerations and compliments this with a study of the effects of dynamical dark energy-like equation of state that
each model produces.
A. General Taylor Expansion Model
As in [26], first consider a general Taylor expansion of the f(T,B) Lagrangian, given as
f(T,B) =f(T0, B0) + fT (T0, B0)(T − T0) + fB(T0, B0)(B −B0) + 1
2!
fTT (T0, B0)(T − T0)2
+
1
2!
fBB(T0, B0)(B −B0)2 + fTB(T0, B0)(T − T0)(B −B0) +O(T 3, B3) , (37)
where we need to go beyond linear approximations since B is a boundary term at linear order. For a Minkowski
background, it follows that
T0 = 0 , B0 = 0 , (38)
but, until this point, it is not clear what the values of the arbitrary Lagrangian f will be, and so taking constants Ai,
the Lagrangian can be written as
f(T,B) ' A0 +A1T +A2T 2 +A3B2 +A4TB , (39)
where the linear boundary term has been removed. All the derivatives corresponding to fT and fB functions for this
model can be found in Appendix A.
From Eq.(24) adding 3H2 to both sides we then write
H2 =
1
2
[
3H2(1− 3fB − 2fT ) + 1
2
f + 3H ˙fB − 3H˙fB
]
+
κ2
3
ρ , (40)
which can be comparing to H2 = κ2/3(ρ + ρX), where ρX is denominates the X-fluid. We can define the terms in
brackets as
κ2ρX := 3H
2(1− 3fB − 2fT ) + 1
2
f + 3H ˙fB − 3H˙fB , (41)
in this way, the matter term does not appear explicitly in ρX . For this case, the corresponding EoS is given by
3
wx(a) =
−24wx7 a˙(t)5 + 6a(t)4
[
a¨(t)− 4A3a(4)(t)
]
+ 24a(t)a˙(t)3wx1 − 6a(t)3wx2 + 24a(t)2a˙(t)wx3 + wx8
−6a(t)4a¨(t) + wx5 + 72a(t)a˙(t)3wx4 + wx6
,
(42)
3 We represented here a(i), with i > 2 as high derivatives with respect to t.
8where
wx1 = [(4A2 + 27A3 + 11A4) a¨(t)− (4A2 + 12A3 + 7A4) a˙(t)] , (43)
wx2 =
[
4 (3A3 +A4) a¨(t)
2 + a˙(t)2 + 4a(3)(t) (2A3a˙(t)−A4a¨(t))
]
, (44)
wx3 =
[
(9A3 + 2A4) a
(3)(t)a˙(t) + a¨(t) ((4A2 + 3A4) a¨(t) + 2 (2A2 + 9A3 + 4A4) a˙(t))
]
, (45)
wx4 = − [(4A2 + 9A3 + 6A4) a¨(t) + (4A3 +A4) a˙(t)] , (46)
wx5 = 72 (4A2 + 12A3 + 7A4) a˙(t)
5 + 6a(t)3a˙(t)
(
12A3a
(3)(t) + a˙(t)
)
, (47)
wx6 = 72 (3A3 +A4) a(t)
2a˙(t)2
[
a¨(t)− a(3)(t)
]
+ a(t)5
[
A3B
2 + T (A4B +A2T +A1) +A0
]
,
(48)
wx7 = 8A2 + 36A3 + 17A4 , (49)
wx8 = a(t)
5
[− (A3B2 + T (A4B +A2T +A1) +A0)] , (50)
In order to perform the numerical analysis, we rewrite the above expression in terms of redshift z = a0/a−1, where
z = 0 corresponds to the present time. The EoS of this model can be expressed as
w(z) =
w(z)1 + 6 [w(z)2 − w(z)6] + 24 [w(z)3 − w(z)4 − w(z)5]
−w(z)1 − 6w(z)7 + 72 [w(z)8 − w(z)9 − w(z)10]− 12(z+1)7
, (51)
where each w(z)i function is given by
w(z)1 = −A3B
2 + T (A4B +A2T +A1) +A0
(z + 1)5
, (52)
w(z)2 =
2
(z+1)3 − 96A3(z+1)5
(z + 1)4
, (53)
w(z)3 =
(8A2 + 36A3 + 17A4)
(z + 1)10
, (54)
w(z)4 =
2(4A2+27A3+11A4)
(z+1)3 +
4A2+12A3+7A4
(z+1)2
(z + 1)7
, (55)
w(z)5 =
6(9A3+2A4)
(z+1)6 +
2
(
2(4A2+3A4)
(z+1)3
− 2(2A2+9A3+4A4)
(z+1)2
)
(z+1)3
(z + 1)4
, (56)
w(z)6 =
16(3A3+A4)
(z+1)6 −
24
(
− 2A3
(z+1)2
− 2A4
(z+1)3
)
(z+1)4 +
1
(z+1)4
(z + 1)3
, (57)
w(z)7 = −
72A3
(z+1)4 +
1
(z+1)2
(z + 1)5
, (58)
w(z)8 =
(3A3 +A4)
[
2
(z+1)3 +
6
(z+1)4
]
(z + 1)6
, (59)
w(z)9 =
4A2 + 12A3 + 7A4
(z + 1)10
, (60)
w(z)10 =
4A3+A4
(z+1)2 − 2(4A2+9A3+6A4)(z+1)3
(z + 1)7
. (61)
To solve the system of equations in Eqs.(15)-(16) we are going to analyse the behaviour of the (51) EoS associated
with the X−fluid considering four kind of cases (c.f. Figure 1)
• Case 1.1: Solving the system Eqs.(15)-(16) with the condition that T < B, i.e we have domination of the
boundary term over the torsion scalar. Also we consider Ai as positive values.
• Case 1.2: Solving the system Eqs.(15)-(16) with the condition that T > B, i.e we have domination of the torsion
scalar over the boundary term). Also we consider Ai as positive values.
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FIG. 1: Evolution of General Taylor Expansion EoS (51). Left: Case 1: with the condition that T < B (solid line) and T > B
(dashed line). Middle: Case 2.1: Ai+1 > Ai with T < B (solid line) and T > B (dashed line) . Right: Case 2.2: Ai+1 > Ai
with T < B (solid line) and T > B (dashed line).
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FIG. 2: General Taylor Expansion model contours plots for Cases 1.1 (orange color) and 1.2 (blue color) using
CC+Pantheon+BAO samplers.
• Case 2.1: Solving the system Eqs.(15)-(16) with the condition that T < B, i.e we have domination of the
boundary term over the torsion scalar. Also we consider Ai+1 > Ai.
• Case 2.2: Solving the system Eqs.(15)-(16) with the condition that T > B, i.e we have domination of the torsion
scalar over the boundary term). Also we consider Ai+1 < Ai.
Following the above scenarios (cf. with Figure 1), we notice that in both Cases 1.1 and 1.2 (cf. with Figure 1 -
left) the General Taylor Expansion EoS mimic the same evolution at high redshifts, which indicates that at early
times the boundary term and the torsion scalar are indistinguishable if we consider the influence of an X-fluid. On
the other hand, at z ≈ 1 4 a scenario where the boundary scalar dominate we have a quintessence-like behaviour that
approaches more to a ΛCDM Eos than the scenario where the torsion scalar dominates. Cases 2.1 and 2.2 (cf. with
Figure 1 - middle and right) show a divergence due the degeneracies of the constants Ai.
For the model given in Eq.(51), we perform the fitting using the completed compilation of data samplers described
in §. IV. This analysis is showed in Figure 2, where we notice that the model has a preference for a phantom-like
behaviour in agreement with Planck data value for the density of matter.
B. Power Law Model
Following Ref.[24], consider a Lagrangian of separated power law style models for the torsion and boundary scalars
such that
f(T,B) = b0B
k + t0T
m . (62)
4 Assuming a flat universe with H0 = 67.3kms−1Mpc−1, this redshift correspond to a look-back time of 7.95 Gyr.
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All the derivatives corresponding to fT and fB functions for this model can be found in the Appendix B. Since
we are interested in understanding whether this power law model can reproduce a dark energy-like behaviour, we
compute the EoS in Eq.(29) for the model in Eq.(62) and obtain
wx(a) = −1 +
b06
k(k−1)k
[
a(t)a¨(t)+2a˙(t)2
a(t)2
]k
wx1
[a(t)a¨(t)+2a˙(t)2]3
−
t02
m+23m(m−1)ma(t)
[
a˙(t)2
a(t)2
]m+1
wx2
a˙(t)5
3
{
6[a(t)a¨(t)−a˙(t)2]
a(t)2 + wx4 + wx5 − b0Bk − t0Tm
} , (63)
where the functions wxi are given by
wx1 =
{
(k − 1)a(t)5...a (t) + 48a˙(t)6 − 30a(t)a˙(t)4a¨(t) + a(t)4a¨(t) [....a (t) + 3(k − 1)a˙(t)]
−a(t)2a˙(t)2 [21a¨(t)2 + 2...a (t)a˙(t)]+ a(t)3 [3a¨(t)3 + a˙(t) (2a˙(t) (....a (t)− 2(k − 1)a˙(t))
−...a (t)a¨(t))]} , (64)
wx2 =
[
a˙(t)2 − a(t)a¨(t)] {a˙(t)2 − a(t) [a¨(t) + a˙(t)]} , (65)
wx3 = b03
k+1(k − 1)ka˙(t)3 [a(t)2...a (t)− 4a˙(t)3 + 3a(t)a˙(t)a¨(t)] [2a(t)a¨(t) + 4a˙(t)2
a(t)2
]k
, (66)
wx4 =
t02
m+23m(m− 1)m
[
a˙(t)2
a(t)2
]m [
a(t)a¨(t)− a˙(t)2]+ wx3
[a(t)a¨(t)+2a˙(t)2]2
a(t)a˙(t)
, (67)
wx5 =
b06
k(k − 1)ka˙(t) [−a(t)2...a (t) + 4a˙(t)3 − 3a(t)a˙(t)a¨(t)] [a(t)a¨(t)+2a˙(t)2a(t)2 ]k
[a(t)a¨(t) + 2a˙(t)2]
2 . (68)
To perform the numerical analysis, we rewrite the above expression in terms of the redshift z = a0/a− 1, where z = 0
corresponds to the present time. The power law model EoS can be expressed as
w(z) = −1
+
b03
k8k−2(k − 1)k(z + 1)12
[
1
(z+1)2
]k
w(z)1 − t02m+23m(m− 1)m(z + 1)5w(z)2
[
1
(z+1)2
]m+1
3
{
−b0Bk − (z + 1)3w(z)3 − b023k−13k(k − 1)k
[
1
(z+1)2
]k
− t0Tm + 6(z+1)2
} ,
(69)
where
w(z)1 =
−
6(k − 1)
(z + 1)9
+
2
[
24
(z+1)5 − 3(k−1)(z+1)2
]
(z + 1)7
+
24
(z+1)9 −
12
(z+1)7
−
2
[
2(k−1)
(z+1)2
+ 24
(z+1)5
]
(z+1)2
(z+1)2
(z + 1)3
− 108
(z + 1)12
 ,
(70)
w(z)2 =
[
1
(z + 1)4
−
2
(z+1)3 − 1(z+1)2
z + 1
]
, (71)
w(z)3 =

b02
3k−13k+1(k − 1)k
[
1
(z+1)2
]k
(z + 1)4
+
t02
m+23m(m− 1)m
[
1
(z+1)2
]m
(z + 1)4
 . (72)
Notice that Eq.(69) reduces to the standard ΛCDM model w = −1 when f(T,B) = 0, as expected. As a first
strategy, we are going to analyse the behaviour of the EoS in Eq.(69) which is associated with the X−fluid considering
seven cases (c.f. Figure 3)
• Case 1.1: Solving the system Eqs.(15)-(16) with the condition that T < B, i.e we have domination of the
boundary term over the torsion scalar.
• Case 1.2: Solving the system Eqs.(15)-(16) with the condition that T > B, i.e we have domination of the torsion
scalar over the boundary term)
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FIG. 3: Evolution of Power Law EoS (69). Top Left: Case 1: solving T and B, with T < B (solid line) and T > B (dashed
line). Top Right: Case 2: Varying m and k, with m < k (solid line) and m > k (dashed line). Bottom Left: Case 3: Varying
b0 and t0, with b0 negative and f0 positive (solid line) and viceversa (dashed line). Bottom Right: Case 4: varying t0 and m as
negative values.
Parameters Best-fit Mean±σ 95% lower 95% upper
H0 67.74 67.74
+1.1
−1.1 65.54 69.89
m 78.93 79.19+4−6.1 70.17 88.64
k 49.62 49.81+0.73−1 47.82 51.73
b0 8.16e+ 15 1.099e+ 16
+7e+14
−1.1e+16 9.981e+ 11 1.640e+ 15
c0 8.949e+ 15 7.974e+ 15
+2.8e+15
−6.3e+15 1.169e+ 16 1.074e+ 16
TABLE II: Parameters and mean values for the Power law model.
• Case 2.1: varying m and k with the condition that m > k.
• Case 2.2: varying m and k with the condition that k > m.
• Case 3.1: varying b0 and t0 with the condition that b0 < t0.
• Case 3.2: varying b0 and t0 with the condition that b0 > t0.
• Case 4: varying t0 and m as negative values.
Following the results explored, we notice that Cases 1.1 and 1.2 (cf. with Figure 3 - top left) at z < 2 show an
accelerating cosmic expansion, while after this point Case 1.1 starts to decelerate at z = 3, meanwhile Case 1.2 still
preserves this acceleration with EoS w < −1/3. Cases 2.1 and 2.2 (cf. with Figure 3 - top right) have an EoS with
w < −1/3, but the latter shows an asymptotic behaviour to ΛCDM between z = 2 and z = 4, which then starts to
grow asymptotically to the first model at large redshift. Both Cases 3.1 and 3.2 cross the phantom divided-line, below
z = 2 they are indistinguishable. Below z = 2.5 both models can start with an EoS with w < −1/3, where both have
an asymptotic behaviour at large redshifts which can mimic a matter phase with w = 0 (cf. with Figure 3 - bottom
left).
This is a case of an oscillating X−fluid EoS below z = 6. Case 4 (cf. with Figure 3 - bottom right) has an oscillating
particularity, but it experiences a divergence point due to the corresponding energy-density becoming zero.
For the model given by Eq.(69), we perform the fitted using the completed compilation of data samplers described
in §. IV.
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FIG. 4: One-dimensional marginalised distribution, and two-dimensional contours with 68% and 95% confidence level for the
free parameters of the Power Law model using the constrained solutions for T and B scalars and CC+Pantheon+BAO total
sampler.
C. Mixed Power Law Model
In Ref.[24], it was shown that this model can reproduce several important power law scale factors relevant for
several cosmological epochs. This models takes the form
f(T,B) = f0B
kTm , (73)
where the second and fourth order contributions will now be mixed, and f0, k,m are arbitrary constants. All the
derivatives corresponding to fT and fB functions for this model can be found in the Appendix C.
As in the latter scenarios, we can compute the EoS in Eq.(29) for the model in Eq.(73), obtaining
wx(a) =
wx1a(t)
6 + 6wx2a(t)
5 + 576wx3 a˙(t)
6 + 24wx4a(t)a˙(t)
4 + 12wx5a(t)
3a˙(t)− 6wx6a(t)4 + 12wx7a(t)2a˙(t)2
Ba(t) [72a˙(t)5wx8 − 36a˙(t)3a(t)wx9 + 36a(t)2a˙(t)2wx10 + a(t)5wx11 ]
,
(74)
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where, for this case, the functions wxi are given by
wx1 = −Tm+2f0Bk+3 , (75)
wx2 =
(
B2T 2a′′(t)− 2Bk(k − 1)kTmf0
(
a(4)(t)T 2 + (m− 1)a(3)(t)
))
B , (76)
wx3 = kT
(
Bk(−(k − 1)(B + 2k − 4)−B(k − 2)m)Tm −B3mT ) f0 , (77)
wx4 = f0
(
Tm
(
4(m− 1)mB3 − (8B + 9)kmTB − 18(k − 1)kT 2) a′(t)Bk+1
+6kT
(
((k − 1)(7B + 12k − 24) + 7B(k − 2)m)TmBk + 7mTB3) a′′(t)) , (78)
wx5 = f0(T
m(2B(k(m− 1)(2k +Bm− 2)a′(t)2 + (−2(m− 1)mB3 + 3kmTB2 + 9(k − 1)kT 2) a′′(t)a′(t)
+B2m(−2mB + 2B + 3kT )a′′(t)2) + kT (B (4mB2 + 9(k − 1)T ) a′(t)− 12((k − 1)(B + 3k − 6)
+B(k − 2)m)a′′(t)) a(3)(t))Bk + 2kmT 2a′′(t)
(
5Ba′(t)− 6a(3)(t)
)
B3) , (79)
wx6 = 2kT
mf0
(
6(k − 2)(k − 1)Ta(3)(t)2 − 2BT (ma′′(t)B2 + (mB2 − kT + T ) a′(t)) a(3)(t)
+Ba′′(t)
(
3(k − 1)a′′(t)T 2 + (m− 1)(3k + 2Bm− 3)a′(t)))Bk
+T 2
(
a′(t)2 + 4Bkmf0a(3)(t)a′(t) + 4Bkmf0a′′(t)2
)
B3 , (80)
wx7 = f0
(
BkTm
(
4B
(
(m− 1)mB3 − 2kmTB2 − 3(k − 1)kT 2) a′(t)2
+
[
B
(−4(m− 1)mB3 + 2(2B + 9)kmTB + 27(k − 1)kT 2) a′′(t)
+12k((k − 1)(B + 4k − 8) +B(k − 2)m)Ta(3)(t))
×a′(t)− 18k((k − 1)(2B + 3k − 6) + 2B(k − 2)m)Ta′′(t)2
)
−6B3kmT 2
(
Ba′(t)2 − 2a(3)(t)a′(t) + 6a′′(t)2
) ]
, (81)
wx8 = T
m
(−2(m− 1)mB3 + (4B + 3)kmTB + 6(k − 1)kT 2) f0Bk , (82)
wx9 = T
mf0
(
2kT (Bm+ 2(k − 1)T )a′(t)
+
(−4(m− 1)mB3 + 6(B + 1)kmTB + 9(k − 1)kT 2) a′′(t))Bk , (83)
wx10 = kT
m+1f0
(
(2Bm+ 3(k − 1)T )a′′(t) + (−2mB2 − 3kT + 3T ) a(3)(t))Bk , (84)
wx11 = T
m+2f0B
k+2 − 6T 2a(t)4a′′(t)B2 + 6T 2a(t)3a′(t)
(
6(k − 1)kTmf0a(3)(t)Bk + a′(t)B2
)
,
(85)
Again, we rewrite the above expression in terms of the redshift z = a0/a− 1, therefore the mixed power law model
EoS can be expressed as
w(z) =
(z + 1) [w(z)1 + w(z)2 + 24w(z)3 + 12w(z)4 − 12w(z)5 + 576w(z)6 − 6w(z)7]
B [w(z)8 + 36w(z)9 − w(z)10 + w(z)11] , (86)
14
where
w(z)1 = −T
m+2f0B
k+3
(z + 1)6
, (87)
w(z)2 =
6
(
2B2T 2
(z+1)3 − 2Bk(k − 1)kTm
(
24T 2
(z+1)5 − 6(m−1)(z+1)4
)
f0
)
B
(z + 1)5
, (88)
(z + 1)9f0w(z)3 =
12kT
(
((k − 1)(7B + 12k − 24) + 7B(k − 2)m)TmBk + 7mTB3)
(z + 1)3
−B
k+1Tm
(
4(m− 1)mB3 − (8B + 9)kmTB − 18(k − 1)kT 2)
(z + 1)2
, (89)
(z + 1)6w(z)4 = B
kTm
(
−72k((k − 1)(2B + 3k − 6) + 2B(k − 2)m)T
(z + 1)6
− w(z)12 + w(z)13
)
−6B3kmT 2
(
B
(z + 1)4
+
12
(z + 1)6
)
f0 , (90)
w(z)5 =
Tmw(z)14B
k +
4kmT 2
(
36
(z+1)4
− 5B
(z+1)2
)
B3
(z+1)3 f0
(z + 1)5
, (91)
w(z)6 =
kT
(
Bk((1− k)(B + 2k − 4)−B(k − 2)m)Tm −B3mT ) f0
(z + 1)12
, (92)
(z + 1)4w(z)7 = 2kT
m
w(z)15 + 216(k − 2)(k − 1)T
(z + 1)8
+
2B
[
6(k−1)T 2
(z+1)3 − (m−1)(3k+2Bm−3)(z+1)2
]
(z + 1)3
 f0Bk
+T 2
(
40Bkmf0
(z + 1)6
+
1
(z + 1)4
)
B3 , (93)
w(z)8 =
36kTm+1
[
2(2Bm+3(k−1)T )
(z+1)3 −
6(−2mB2−3kT+3T)
(z+1)4
]
f0B
k
(z + 1)6
, (94)
w(z)9 =
Tm
[
2(−4(m−1)mB3+6(B+1)kmTB+9(k−1)kT 2)
(z+1)3 − 2kT (Bm+2(k−1)T )(z+1)2
]
f0B
k
(z + 1)7
, (95)
w(z)10 =
72Tm
(−2(m− 1)mB3 + (4B + 3)kmTB + 6(k − 1)kT 2) f0Bk
(z + 1)10
, (96)
w(z)11 =
Tm+2f0B
k+2
(z + 1)5
− 12T
2B2
(z + 1)7
−
6T 2
(
− 36(k−1)kTmf0Bk(z+1)4 − B
2
(z+1)2
)
(z + 1)5
, (97)
w(z)12 =
2B(−4(m−1)mB3+2(2B+9)kmTB+27(k−1)kT 2)
(z+1)3 − 72k((k−1)(B+4k−8)+B(k−2)m)T(z+1)4
(z + 1)2
,
(98)
w(z)13 =
4B
[
(m− 1)mB3 − 2kmTB2 − 3(k − 1)kT 2]
(z + 1)4
, (99)
w(z)14 = 2B
(
4m(−2mB + 2B + 3kT )B2
(z + 1)6
+
k(m− 1)(2k +Bm− 2)
(z + 1)4
−2
(−2(m− 1)mB3 + 3kmTB2 + 9(k − 1)kT 2)
(z + 1)5
)
−
6kT
(
− 24((k−1)(B+3k−6)+B(k−2)m)(z+1)3 −
B(4mB2+9(k−1)T)
(z+1)2
)
(z + 1)4
, (100)
w(z)15 =
12B
[
2B2m
(z+1)3 − mB
2−kT+T
(z+1)2
]
T
(z + 1)4
, (101)
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FIG. 5: Evolution of Mixed Power Law EoS (86). Left: Case 1: resolving T and B, with T < B (solid line) and T > B (dashed
line). Right: Case 2: Varying m and k, with m < k (solid line) and m > k (dashed line).
Parameter best-fit mean±σ 95% lower 95% upper
H0 67.92 67.86
+1.2
−1.1 65.63 70.1
m 36.59 38.02+2.1−2.6 33.71 42.45
k 2.55 2.626+0.11−0.13 2.396 2.861
c0 1.653e+ 11 4.97e+ 11
+−2.6e+11
−5e+11 2.353e+ 09 4.847e+ 09
TABLE III: Parameters and mean values for the Mixed Power Law Model model.
Analysing the behaviour of the EoS in Eq.(86) which is associated with the X−fluid considering X cases (c.f. Figure
5) and with f0 as a positive constant
• Case 1.1: Resolving the system Eqs.(15)-(16) with the condition that T < B, i.e we have domination of the
boundary term over the torsion scalar.
• Case 1.2: Resolving the system Eqs.(15)-(16) with the condition that T > B, i.e we have domination of the
torsion scalar over the boundary term)
• Case 2.1: varying m and k with the condition that m > k.
• Case 2.2: varying m and k with the condition that k > m.
As in Cases 1 and 2 of the Power Law model, the Cases 1.1 and 1.2 (cf. with Figure 5 - left) in this model cross the
phantom divided-line but preserve its quintessence behaviour until at high redshift both scenarios limiting to ΛCDM
model. For the Cases 2 (cf. with Figure 5 - right) , at z < 4 both scenarios mimic a phantom energy.
For the model given by Eq.(86), we perform the fitted using the completed compilation of data samplers described
in §. IV.
D. Boundary Term Deviations to TEGR model
In general, we can embody modifications to TEGR as
f(T,B) = −T + g(B), (102)
where modifications to standard gravity are chosen to be expressed through contributions from the boundary term
only. One interesting model also investigated in Ref.[24] is the one where
g(B) = f1B lnB , (103)
where f1 is an arbitrary constant.
As in the latter scenarios, we can compute the EoS (29) for (102) and obtain
wx(a) =
1152f1a˙(t)
6 + 6Ba(t)5wx1 + wx8 − 36f1a(t)2a˙(t)2wx5 +B2a(t)6 (T −Bf1 lnB)
Ba(t) [wx6 − 36wx7 +Ba(t)5 (Bf1 lnB − T )]
, (104)
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FIG. 6: One-dimensional marginalised distribution, and two-dimensional contours with 68% and 95% confidence level for the
free parameters for the Mixed Power Law model using the constrained solutions for T and B scalars and CC+Pantheon+BAO
total sampler.
where
wx1 = Ba¨(t)− 2f1a(4)(t) , (105)
wx2 = 4a¨(t) +Ba˙(t) , (106)
wx3 = B
2a˙(t)2 + 6f1
[
Ba¨(t)2 − 2a(3)(t)2
]
+ 4Bf1a
(3)(t) , (107)
wx4 = 4a
(3)(t)a¨(t) +Ba′(t)
[
a(3)(t) + 2a¨(t)
]
, (108)
wx5 = −18a¨(t)2 + 4Ba˙(t)2 + a˙(t)
[
16a(3)(t)− 9Ba¨(t)
]
, (109)
wx6 = −6Ba(t)4a¨(t) + 432f1a˙(t)5 + 6a(t)3a˙(t)
[
6f1a
(3)(t) +Ba˙(t)
]
, (110)
wx7 = f1a(t)a˙(t)
3 [9a¨(t) + 4a˙(t)] + 108f1a(t)
2a˙(t)2
[
a¨(t)− a(3)(t)
]
, (111)
wx8 = −432f1a(t)a˙(t)4wx2 − 6a(t)4wx3 + 108f1a(t)3a˙(t)wx4 , (112)
We rewrite the above expression in terms of the redshift z = a0/a − 1, which leads to the mixed power law model
EoS being expressed as
w(z) =
B2(z + 1)4
[
T (z + 1)2 + 6
]− f1 [B3(z + 1)6 lnB + 288(B(z + 1)(z + 4)− 16)]
B(z + 1) [f1 (B2(z + 1)5 lnB + 288(z + 4))−B(z + 1)3 (T (z + 1)2 + 6)] . (113)
As we can see from Eq.(103), we need the existence of the boundary scalar with a constraint equation given by
3H2 + H˙ = 1/6 (for N=1) and f1 > 0.1 in order to avoid singularities on the EoS in Eq.(113). The behaviour for this
case is show in Figure 7, where we notice that when the boundary scalar dominates over the torsion scalar its EoS
mimics a quintessence fluid, while on the contrary, we notice solely a phantom behaviour. Both scenarios limiting to
a ΛCDM model at larger redshifts.
For the model given by (113), we perform the fitted using the completed compilation of data samplers described in
§. IV.
17
0 2 4 6 8 10
-1.03
-1.02
-1.01
-1.00
-0.99
-0.98
z
w
(z)
FIG. 7: Evolution of TEGR EoS (113). Here we solved T and B, with T < B (solid line) and T > B (dashed line).
Parameter best-fit mean±σ 95% lower 95% upper
H0 79.77 79.83
+0.9
−0.91 78.03 81.64
f1 0.203 0.203
+0.002
−0.002 0.199 0.208
TABLE IV: Parameters and mean values for the TEGR Deviations model.
VI. CONCLUSIONS
In this paper we presented cosmological analyses for f(T,B) theory with a flat homogeneous and isotropic metric.
Also, we obtained a generic equation of state weff (29) from which we can consider any cosmological form for the
torsion scalar and boundary terms. As a first approach, we proposed four f(T,B) cosmological scenarios where we
obtained:
1. The analytical solutions for the w(z) for each model and,
2. full data analyses, where we were capable to constrain the free cosmological parameters for our models using a
total sampler of CC+PantheonSNeIa+BAO, fitted with Planck 2018 and SH0ES+H0LiCOW, respectively.
The main results for these cosmological models are:
0.196 0.205 0.213
f1
76.5 79.7 82.9
H0
0.196
0.205
0.213
f 1
76.5 79.7 82.9
H0=79.8
+0.898
−0.911
0.196 0.205 0.213
f1=0.203
+0.00208
−0.00233
FIG. 8: One-dimensional marginalised distribution, and two-dimensional contours with 68% and 95% confidence level for the free
parameters for TEGR Deviations model contours using the constrained solutions for T and B scalars and CC+Pantheon+BAO
total sampler.
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• General Taylor Expansion Model: According to Eq.(51), where after solving the system of equations in Eqs.(15)-
(16), we divided the analytical solutions in several cases: from 1.1 to 2.2. For each case it is possible to see the
domination of the torsion or boundary terms. Notice that the Ai parameters need to be positive, if not we have
singularities.
• Power Law Model: As in the later case, we obtained analytical solutions for Eq.(69) and divided in cases 1.2
till 4. On one hand, we notice the equation of state for this scenario reduces to the standard ΛCDM model
w = −1 when f(T,B) = 0. On the other hand, this is an interesting scenario were we have an oscillating w(z),
but when observational samplers are used, this model wants to remain phantom-like. This scenario seems to be
in agreement with the value H0 given by Planck 2018 with a difference of 0.3-σ, c.f. with Figure 4.
• Mixed Power Law Model: For this scenario we have Cases 1.1 till 2.2. It can reproduce ΛCDM at high redshifts.
This scenario, as the latter, seems to be in agreement with the value of H0 given by Planck 2018 with a difference
of 0.5-σ, but c0 is quite correlated with H0, c.f. with Figure 6.
• Boundary Term Deviations to TEGR model: We can recover again ΛCDM for two cases. The value of the free
parameter f1 seems to remain small with the entire sampler used. Even more, there is an intriguing result: the
H0 value is greater than the reported by SH0ES+H0LiCOW, even higher than the one using SBF calibrations
[57].
All these results lead us to believe that an extension as f(T,B) Teleparallel Gravity can be a good scenario, where
we can consider that the role of torsion and boundary terms, fitted with astrophysical data, can shed light in the
study of the late-time accelerating Universe. According to our data analyses, this theoretical direction can be an
accurate expansion of the standard cosmological model to merit further research in order to pursuit a fit more precise
from widely different cosmic epochs, e.g for early universe, study that we will report elsewhere.
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Appendix A: Derivation for the General Taylor Expansion model
For this model, the Lagrangian turns out to be
f(T,B) ' A0 +A1T +A2T 2 +A3B2 +A4TB , (A1)
where if we use Eqs.(15)-(16), the EoS in Eq.(29) can be related to the Hubble (or scale) factor directly. These
derivatives are given by
fT = A1 + 2A2T +A4B , (A2)
f˙T = 24A2HH˙ + 6A4
(
6HH˙ + H¨
)
, (A3)
fB = 2A3B +A4T , (A4)
f˙B = 12A3
(
6HH˙ + H¨
)
+ 12A4HH˙ , (A5)
f¨B = 12A3
(
6H˙2 + 6HH¨ +
...
H
)
+ 12A4
(
H˙2 +HH¨
)
, (A6)
where the torsion scalar and boundary term represent the quantities in Eq.(15) and Eq.(16) respectively.
Appendix B: Derivation for the Power Law model
For this model, the Lagrangian turns out to be
f(T,B) = b0B
k + t0T
m , (B1)
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where the contributing elements to the EoS parameter in Eq.(29) are given by
fT = t0mT
m−1 , (B2)
f˙T = 12t0m(m− 1)HH˙
(
6H2
)m−2
, (B3)
fB = b0kB
k−1 , (B4)
f˙B = 6b0k(k − 1)
[
6(3H2 + H˙)
]k−2 (
6HH˙ + H¨
)
, (B5)
f¨B = 6b0k(k − 1)
[
6(3H2 + H˙)
]k−2{ k − 1
3H2 + H˙
(
6HH˙ + H¨
)
+ 6H˙2 + 6HH¨ +
...
H
}
, (B6)
where it can be seen that the torsion scalar embodies the second order elements of the f(R) gravity while the boundary
term B takes on its fourth order contributions.
Appendix C: Derivation for the Mixed Power Law Model
This models takes the form
f(T,B) = f0B
kTm , (C1)
where the second and fourth order contributions will now be mixed, and f0, k,m are arbitrary constants. In order to
compare with the Friedmann equations, consider the derivatives below
fT = f0mB
kTm−1 , (C2)
f˙T = 6f0mB
k−1Tm−2
[
kT
(
6HH˙ + H¨
)
+ 2HH˙(m− 1)B
]
, (C3)
fB = f0kB
k−1Tm , (C4)
f˙B = 6f0kB
k−2Tm−1
[
(k − 1)(6HH˙ + H¨)T + 2mBHH˙
]
, (C5)
f¨B = 6f0k
{[
(m− 1)Bk−2Tm−2 + 6(k − 2)Bk−3Tm−1
(
6HH˙ + H¨
)] [
2mBHH˙ + (k − 1)
(
6HH˙ + H¨
)]
+Bk−2Tm−1
[
12HH˙(k − 1)
(
6HH˙ + H¨
)
+ (k − 1)T
(
6H˙2 + 6HH¨ +
...
H
)
+ 2m
(
6HH˙
(
6HH˙ + H¨
)
+BH˙2 +BHH¨
) ]}
, (C6)
where again the torsion scalar and boundary term represent the quantities in Eq.(15) and Eq.(16) respectively.
Appendix D: Boundary Term Deviations to TEGR model
In general, we can write the modifications to TEGR as
f(T,B) = −T + g(B) , (D1)
with g(B) = f1B lnB and where f1 is an arbitrary constant. In this circumstance, the derivative quantities in the
Friedmann equations are given by
fT = −1 , (D2)
f˙T = 0 , (D3)
fB = f1 lnB + f1 , (D4)
f˙B = 6f1
6HH˙ + H¨
B
, (D5)
f¨B =
6f1
B2
[(
6H˙2 + 6HH¨ +
...
H
)
B − 6
(
6HH˙ + H¨
)2]
. (D6)
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